Two spacecraft or more are assumed to be in a state of loose formation flying around a collinear Lagrangian point in the Sun-Earth circular restricted three-body problem (CR3BP) system. The orbit reference of choice for the leader is a halo orbit, and the followers are assumed to follow nearby and be constrained either geometrically or in size. This type of formation could be useful in the future for constructing space ports, space telescopes, astronomical spacecraft requiring sun shields and, with greater numbers, spacecraft swarm missions. The formation design method is constructed by firstly seeking the local coordinate system from the monodromy matrix through extraction of the independent bases that span the space of the halo orbit. To nullify diverging and converging motion, we confine the relative motion to within the periodic subspaces. We observe two modes of relative motion within these subspaces, long-term and short-term motion. In this study, we approximate the long-term motion by deriving a discrete formulation of independent directions based on the eigenvectors of the monodromy matrix, while for the short-term motion we approximate the fundamental set solutions using Fourier series and additional linear functions. Since the size of the formation discussed is significantly smaller than that of the halo orbit, the formation design method can fundamentally be stated as a process of linearly combining these approximations to achieve the desired formation. Consequently, use of this approach transforms formation design from a differential equation problem into an algebraic one, and furthermore enables the long-term and short-term motion design problems to be handled either jointly or separately. A set of design examples is presented to demonstrate the validity of the design method.
Introduction
Halo orbits are periodic, three-dimensional (3D) orbits that naturally exist at the collinear points, L 1 , L 2 and L 3 , of a circular restricted three body problem (CR3BP). Since the concept of halo orbits was first expounded in 1968, 1) many deep space missions have utilized it. Considering the benefits it offers, such as, to name a few, periodicity, a weak-gravity environment, constant wide access to the sky or to either of the primary bodies and the capability for natural insertion, many more space missions are being prepared and planned for placement into these orbits. The L 2 point gives additional advantages. It provides a stable thermal environment suitable for sensitive hardware and uninterrupted observation, since the Sun, Earth and Moon reside within the orbit of the L 2 point. It is therefore not surprising that the L 2 point is considered a highly attractive location for formation flying to be implemented in the future.
Space missions using halo orbits are mostly for observation and, so far, each mission has consisted of only a single spacecraft. However, progress in formation flying in the last few decades has opened up new possibilities for the use of multiple spacecraft. While hitherto most research on formation flying has been for Earth orbiting satellites, in this paper we examine the possibility of implementing formation flying in halo orbits in order to take advantage of the benefits that collinear points have to offer.
Depending on the qualitative precision enforced on the formation, we can distinguish two types of formation flying, loose formation and precise formation. Formation flying falls into the precise formation category when it requires accuracy as the most dominant factor. Typically, the precision requirement for this type of formation is less than one meter, or even much smaller. In contrast, loose formation is much less restricted in terms of precision but might demand a tighter fuel cost budget. To our knowledge, no previous work has been done on loose formation flying in halo orbits, despite the huge amount of interest spacecraft formation flying has so far received. Most reported work 2, 3) discusses precise formation flying subject to fuel cost optimization. We believe that it is important to consider the potential implementation of loose formation flying for cases such as future space ports in halo orbits, sun-shielded space telescopes and detached spacecraft components (e.g., high-gain antennas with pointing mechanisms) for the reduction of structural vibration effects. With the spaceport concept, smaller spacecraft are allowed to move freely in the neighborhood of the mothership, and in the case of a sun-shielded telescope, the shield has large flexibility of movement, as long as it protects the telescope from solar radiation. In the case of a detached high-gain antenna, provided it has access to communication with Earth within a permissible range of the mothership, the antenna does not require correction control.
Loose formation flying may require control maneuvers to maintain and reconfigure the formation, but no strict accuracy requirements need be imposed in order for the formation to function correctly as designed. In the case of maneuvers being necessary, fuel optimization is implemented in order to achieve optimum mission life. A particular consideration at present is exclusively natural loose formations in halo orbits. In practice, these are definitely extreme cases, since the theoretical zero fuel cost is very difficult to achieve in real space missions, but it is still meaningful to examine the limitations of natural motion before addressing controlled loose formation flying. Natural loose formations are established as the product of searching for orderly initial sets of velocities and positions, and fully rely on natural dynamics. Since searching randomly is clearly an arduous task, in this paper we propose a design method that allows these initial values to be found systematically and comparatively simply.
Following this introduction, a discussion of motion in halo orbits is given in which we develop the equations of motion, describe halo orbits around the L 2 point, and carry out monodromy matrix analysis. Following this, in the design method section, we describe the modeling of short and long-term relative motion and explain a natural loose formation design method, with examples given in the subsequent sections, and conclusions offered in the last section.
Motion around Halo Orbits

Equations of motion
Although this study is applicable to any three body problem, for the sake of clarity of the discussion, the Sun-Earth system is used for all numerical computations in this paper. Perturbation forces such as solar radiation pressure (SRP) and perturbation by other planets are presently ignored. Since the spacecraft is massless compared to the two primary bodies and the motion of the Earth (second primary body) relative to the Sun (first primary body) is nearly circular, CR3BP is sufficiently accurate to model the motion of the spacecraft (see Fig. 1 ).
In a rotating, barycentric, coordinate system with the SunEarth distance normalized and the smaller primary body (the Earth) on the positive x-axis, the differential equations of motion for the CR3BP are
The effective potential gravity U is defined as
X; Y; Z are the coordinates from the barycenter with respect to the rotating frame of the spacecraft, while m 1 and m 2 are the respective normalized masses of the first and second primary bodies.
Halo orbits around the L 2 point
The discussion in this paper is applicable to halo orbits at any of the collinear Lagrangian points, but in order to provide a definite example, the L 2 point is chosen. The linearized model shows that a collinear point has center Â center Â saddle stability. However, when we move to a region with sufficiently high nonlinearity, the unstable dynamics can be decoupled from the center dynamics, thereby giving us a good approximation of the dynamics in the center of the manifold. Nonlinear, 3D, periodic orbits exist in this region, which in the Poincare section appear to be fixed points, called halo orbits. As shown by Howell, 4) we can find these halo orbits numerically by the differential correction method. The differential correction method principally uses Newton's method to adjust the initial state vector of a reference orbit until the desired accuracy is achieved. The adjustment is computed numerically by making use of the state transition matrix (STM) of the reference orbit.
The period of these orbits is approximately six months. Figures 2 and 3 show a halo orbit with an amplitude along the Z-axis, A z , equal to 303,280 km in the normalized rotating coordinate system, corresponding to the following initial set values, which are subsequently used in all numerical computations presented here.
2.3. Variational equations and the state transition matrix In this subsection, variational equations which describe how perturbations evolve along a reference trajectory, assumed to be the leader's orbit, are briefly explained. As previously stated, the formation flying of interest to us is in the vicinity of a halo orbit and since the size of the formation is much smaller than that of the halo orbit itself, we can use the variational equations to represent the dynamics of the formation.
Equations (1) to (3) can easily be arranged into the form,
The trajectories with Xð0Þ ¼ X 0 can conveniently be written in the flow map ðt; X 0 Þ so we can rewrite Eq. (6) as
Accordingly, the relative position of the follower spacecraft with respect to the leader spacecraft in the rotating frame is simply expressed by
T being the state vector of relative motion referred to the reference trajectory. As the size of the formation is significantly smaller than the state vector of the halo orbit, we can approximate the relative motions by linearization at the leader and obtain
where
This equation is clearly the state space equation of a linear time variant system, and its solution has a general form known as the variational equations:
with the STM, Èðt; t 0 Þ, defined as
In retrospect, we can see that the STM, obtained for the purpose of finding a halo orbit, can be used to study the motion of formation flying.
Monodromy matrix analysis
The monodromy matrix (M) is basically an STM (È) for a periodic orbit which maps the state vector x 0 at initial time t 0 to the final state vector (x T ) after one period T. This can be stated as 
In spite of the lack of analytical expression of halo orbits, the monodromy matrix can be obtained numerically when the reference halo orbit is found. By simple observation, we can predict the properties of the monodromy matrix (M), and from the periodicity of halo orbits, it can be seen that the matrix's determinant must be equal to one. The monodromy matrix shown maps the initial state vectors (x 0 ) to the final state (x T ) after one period (T). Moreover, its flow map from the initial to final time is unknown, as is the analytical expression of the state transition matrix. However, we can devise an approximation of the fundamental set solutions, as described in subsection 3.1, if we can establish the basis of the monodromy matrix. This can be achieved by analyzing the independent state vectors that span the space of the matrix. The monodromy matrix of a halo orbit has six eigenvalues (! 1 ; ! 2 ; ! 3 ; ! 4 ; ! 5 ; ! 6 ) that can be grouped into three pairs 5, 6 ) (see Table 1 ). The first pair (! 1 ; ! 2 ) has a self-product of one, the second pair (! 3 ; ! 4 ) is a complex conjugate with a magnitude of one and the third pair (! 5 ; ! 6 ) is real with a magnitude of one. The first pair represents stable (e 1 ) and unstable (e 2 ) manifolds, so if the initials are set in the direction of this pair's eigenvectors, the shape and magnitude of the formation will be radically changed, making it unsuitable for establishing a loosely kept formation within one period. Inspection of the four other eigenvalues reveals that two modifications are needed to their eigenvectors in order to construct a basis for the formation. Firstly, the eigenvectors (e 3 ; e 4 ) of the complex pair eigenvalues are linearly combined to form two real vectors e rot sum ¼ ðe 3 þ e 4 Þ=2 and e rot diff ¼ ðe 3 À e 4 Þ=2i. Secondly, a generalized eigenvector representing the change of energy is introduced. This is because the eigenvalue of one has only one eigenvector (e 5 ¼ e 6 ), so that algebraic multiplicity is two but geometric multiplicity is one, which means that the monodromy matrix is defective.
7) The monodromy matrix does not, however, give us any other useful information.
Since the Jordan canonical form (JCF) provides a map of the independent eigenvectors, we could use it to look for additional valuable features. Unfortunately, the monodromy matrix is defective so it cannot be readily used because the availability of the independent vectors is less than the dimension of the state vector. To remedy this, we can use the generalized eigenvector 8, 9) to find a replacement basis for the eigenvector of eigenvalue equal to one. The generalized eigenvector (ê e 6 ) for ! 6 can be found by solvinĝ
Considering that the dimension ofê e 6 is two, we actually have the freedom to choose any vector within the nullspace. However, since it is preferable to choose a vector that has geometrical meaning, we select the vector ( e e 6 ) that lies in the nullspace and perpendicular to e 5 . Since e 5 represents the direction along the track, e e 6 accordingly corresponds the cross-track direction.
e e 6 is found by applying the Gram-Schmidt procedure to the nullspace and e 5 .
We now have a complete independent basis set, which consists of three eigenvectors (e 1 ; e 2 ; e 5 ), one generalized eigenvector ( e e 6 ) and two ordinary vectors that are perpendicular to each other (e rot sum ; e rot diff ) enabling us to find the JCF. In summary, the basis includes:
1. e 1 , which lies in the diverging manifold, renamed e divergence ðe d Þ. 2. e 2 , which lies in the converging manifold, renamed e convergence ðe c Þ. 3. e rot sum or for short e rs . 4. e rot diff or for short e rd . 5. e 5 , renamed e along track ðe at Þ since it represents the along-track direction. 6 . e e 6 , renamed e cross track ðe ct Þ since it represents the crosstrack direction. With the newly formed basis, we can establish the JCF.
where P ¼ e d e c e rs e rd e ct e at Â Ã ð17Þ
The JCF is found to be in the form 
The periodic space comprises:
Á E Neutrally Stable ¼ spanfe at ; e ct g Á E Rotational ¼ spanfe rs ; e rd g Based on the grouping of the manifolds above, it can be clearly seen that in order to construct natural stable motion, we must use only the periodic subspace spanned only by the four obtained bases. This subspace, which is also known as the center manifolds, allows the diverging and converging components of the natural dynamics to be excluded from the motion near a halo orbit.
Systematic Design of Natural Loose Formation Flying
3.1. Modeling of the relative motion 3.1.1. Relative motion expressed with fundamental set solutions From the monodromy matrix analysis, we have succeeded in establishing a local coordinate system with independent directions or basis. A summary of the fundamental motions, complete basis and corresponding eigenstructure is provided in Table 2 . In the table, the long-term motion is shown as a discrete map of each basis for consecutive periods, while the short-term motion and the fundamental set solutions are shown both for in-plane and out-plane motions. The fundamental set solutions are basically the propagation of the basis previously established from the monodromy matrix. Consequently, the relative motion near a halo orbit reference is a linear combination of the fundamental set solutions. However, it can easily be seen from the subspaces construction extracted from the four Jordan blocks of the monodromy matrix, that in order to have non-diverging, non-converging motion, we simply need to nullify the non-periodic subspaces. In other words, in order to obtain stable motion, it must be limited within the center manifolds. In what follows, natural loose formation is designed using only four vectors, e rs , e rd , e at and e ct , i.e. confined within the center manifolds, and therefore has only four degrees of freedom. Consequently, for the loose formation flying, the relative motion is described as xðtÞ ¼ x rs ðtÞ þ x rd ðtÞ þ x at ðtÞ þ x ct ðtÞ ð19Þ
Modeling long-term relative motion
Long-term motion is viewed as discrete relative motion after consecutive periods, and can therefore be approached using the eigenstructure of the monodromy matrix. Moreover, the monodromy matrix analysis has shown that we can inspect the motion in the rotational manifolds and neutrally stable manifolds independently.
It can readily be seen from the JCF that the mapping within one period gives
This means that for the rotational manifold, we can express the rotation matrix for the nth period, based on its corresponding Jordan block (J R ), as
Hence, for the rotational manifold, the mapping after n periods becomes Therefore, the long-term motion for the rotational manifold is obtained as
þ ð sin n À cos nÞx rd ð0Þ ð23Þ
and the neutrally stable manifold for the matrix transformation for the nth period is given by
so that we can express the mapping after the nth period as
Consequently, the long-term motion in the neutrally stable manifold is obtained as
and the long-term motion within the center manifolds is suitably summed as
for n ¼ 0; 1; 2; 3; . . ..
Modeling short-term relative motion
The relative motion occurring between the two spacecraft within one period is regarded as short-term and unlike longterm motion, the monodromy matrix provides no information about it. Apart from numerical integration, there are no mathematical tools available for modeling and analyzing the corresponding formation. As expected, when small displacements in the design vectors are integrated numerically, linear behavior is exhibited. This means that if we can approximate the fundamental set solutions with sufficient accuracy, we can combine them linearly to represent the motion within the center manifolds. As exemplified in Table 2 , short-term relative motion displays nearly periodic behavior. This prompted us to approximate the short-term relative motion using Fourier series. Our current interest is mainly the relative positions, hence the approximation was only applied to the position components of the fundamental set solutions. However, as illustrated in Fig. 4 , which uses the 2nd order of pure and modified Fourier series with sample data (m ¼ 10000), we need to adjust the pure Fourier series to accurately approximate the motion, giving the modified Fourier series shown in Eq. (28) e x x ðÃÞ ðtÞ ¼ a 0 ðÃÞ þ X n¼1 n¼1 a n ðÃÞ cos 2
in which ðÃÞ ¼ rs, rd, at, ct, are used instead as the general approximation model. In fact, full periodic behavior was only displayed by motion in the x at direction. For motion in the remaining directions, x rs , x rd and x ct , slight modifications, i.e. the adding of a linear function, are performed as an approach to improving the accuracy of fit of the pure Fourier series. This is required due to rotational behavior within the rotational subspace for x rs , x rd and the influence of on x ct . Clearly, for x at , the value of c is zero. The approximation is carried out using the least-square algorithm. 8) This algorithm approximates the nonlinear propagation (p i ) by minimizing the sum of squared residuals (SSR) for the approximation model f ðq i Þ À Á , as described below. A summary of the approximation model is given in Table 3 .
This is due to changes occurring to the displacements in these directions during the period. As in the true motion, the approximated short-term motion is also a linear combination of the approximated fundamental set solutions. For ð0 t TÞ: e x xðtÞ ¼ e x x rs ðtÞ þ e x x rd ðtÞ þ e x x at ðtÞ þ e x x ct ðtÞ ð30Þ
This approximation is valid only for the first period of the halo orbit, while for the nth period we need to consider the influence of long-term motion. Using Eq. (27) and by taking into account the fact that the long-term motion is a step function and hence is constant during the period, we can express the short-term motion during the nth cycle, (nT t ðn þ 1ÞT) as As can now clearly be seen, the proposed approximation allows the motion in the center of manifolds to be analyzed and its characteristics understood without having to conduct nonlinear propagation. In addition, analysis of the long and short-term motion can be performed either simultaneously or independently in algebraic form instead of in differential equation form, thereby making the handling of the design process relatively simple.
Natural loose formation design
Now that the tools needed to design loose formation flying around a halo orbit have been constructed, we can succinctly summarize the design process as in Fig. 5 . The halo orbit is presumed to be computed accurately, and the monodromy matrix analysis is then performed. Monodromy matrix analysis provides the basis and the fundamental set solutions are obtained by approximating the nonlinear propagation, with small initial displacements along each of the bases.
The design process commences by assuming the approximated relative motion, long-term and short-term, to be the relevant linear combination of the basis and the fundamental set solutions. We then define the requirements for the formation flying desired. These requirements are usually expressed in terms of positions or velocities. Imposing the requirements on relative motion gives us algebraic problems in terms of , , and . The design problem is thereby transformed into algebraic problems for which , , and are design parameters. Naturally, the algebraic equations then have to be solved.
Solving the equations provides the expected design parameters so that finally we acquire the initial state vectors of the desired motion with respect to the reference orbit by adding the total component of the product between the corresponding design parameters and the basis.
A design example
As example design, let us assume loose formation flying for two spacecraft. The leader orbits the halo orbit reference and oscillation of the x-axis motion of the follower is desired, with its long-term displacement in the cross-track direction needing to be nullified for the first period (n ¼ 1). This design example is solved below in accordance with the design chart in Fig. 5 .
Step 0: We use the halo orbit and its consecutive monodromy matrix analysis, which was obtained in the previous sections, and have the fundamental set solutions.
Step 1: The long-term and short-term motion are assumed to satisfy Eqs. (27) and (30), respectively.
Step 2: Based on the stated problem, we express the formation requirements as, for long-term motion
Step 0 Find halo orbit ref. & establish fund. set sols.
Step 1 Assume motion as x (α, β, γ, κ )
Step 2 Define reqs. F (x (t))
Step 3 Impose reqs. F (α, β, γ, κ )
Step 4 Solve F
Step 5
Obtain 
and for short-term,
Step 3: Imposing the requirements on the assumed motion transforms the design problem into an algebraic problem. Using Eq. (26) the long-term displacement becomes
and, by algebraic manipulation, we can rearrange the linear combination of the short-term motion of the x-axis of the follower up to the 2nd term. Ignoring higher order terms (HOT), we obtain
in which f 1 and f 2 are periodic functions in t=T and
Step 4: Solving F 1 shows that the relation between and must be of the form
¼ À ð39Þ
and if we suppress the oscillation up to the 2nd term so that we can ignore the high-order terms, the formation requirement for short-term motion becomes
From Eqs. (38) and (39), we see that the system of equations has one degree of freedom. We can therefore define the value of either or and then solve the equations simultaneously. If we choose ¼ 1, then ¼ À and we can consequently solve Eq. (40) numerically. The results obtained are ; ¼ 0:10562765; À0:63046903.
Step 5: With the complete set of , , and , we can easily find the initial state vector of the follower. As expected, in Fig. 6 , the nonlinear propagation shows suppressed motion in the x direction. The solution also results in suppressed motion in the y direction. Furthermore, Fig. 7 illustrates how the result gives dominant motion in the z direction compared to in-plane motion. e x x 0 ¼ x 0e rs þ x 0e rd þ x 0at þ x 0ct ð41Þ
giving the initial state vector of the follower as
Conclusions
In this paper, we presented the design of natural loose formation flying in halo orbits. The proposed design method involves confining the relative motion within the center manifolds to nullify the converging and diverging components for the follower spacecraft. Thanks to the extracted basis based on the monodromy matrix, we succeeded in treating the relative motion as a linear combination of the fundamental set solutions with constant coefficients , ,
and . The additional importance of using the basis obtained is also clear. The bases are not simply independent directions but are intentionally constructed to have geometrical interpretations. Two modes of motion, long-term and short-term, were identified. It was discovered that the long-term motion can be approached as a discrete mapping for the nth period and that the short-term motion can be fitted well with modified Fourier series having an additional linear term. We showed that the proposed design method transforms the formation design problem from the domain of differential equations to algebraic ones. This makes solution of the design problem simpler and, moreover, allows long-term and short-term motion to be treated simultaneously or independently. The validity of the proposed design method was demonstrated in a set of example problems which involved both long-term and short-term motion.
